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Abstract 

We investigate some aspects of Moyal-Weyl deformations of super- 
space and their compatibility with supersymmetry. For the simplest 
case, when only bosonic coordinates are deformed, we consider a four 
dimensional supersymmetric field theory which is the deformation of 
the Wess-Zumino renormalizable theory of a chiral superfield. We then 
consider the deformation of a free theory of an abelian vector mul- 
tiplet, which is a non commutative version of the rank 1 Yang- Mills 
theory. We finally give the supersymmetric version of the a' limit 
of the Born-Infeld action with a B-&eld turned on, which is believed 
to be related to the non commutative U(l) gauge theory. 
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1 Introduction. 



Deformations of mathematical structures have been used at different mo- 
ments in physics. When Gahlean transformations between inertial systems 
were seen not to describe adequately the physical world, a deformation of 
the group law arose as the solution to this paradox. The Lorenz group is 
a deformation of the Galilei group in terms of the parameter i. From the 
mathematical point of view it is not difficult to imagine the deformation of 
a group inside the category of groups, but form the physical point of view it 
has enormous consequences. In this deformation scheme, the old structure is 
seen as a limit or contraction when the parameter takes a preferred value. 

The mathematical structure of quantum mechanics has also an ingredient 
of deformation with respect to classical mechanics. The first star product or 
formal deformation of the commutative algebra of classical observables was 
written in Ref. The star product is a product in the space of formal series 
in h whose coefficients are functions on the phase space. It is homomorphic to 
the product of operators in quantum mechanics. In this case the deformation 
occurs inside the category of algebras, although giving up the commutativity. 
More complicated features arise in the mathematical framework of quantum 
mechanics, and the first thing one can realize is that this deformation in the 
parameter ^ is a formal deformation (that is, the series in ^ of a product 
of two functions is not convergent), unless strong restrictions are made on 
the functions. Nevertheless, Bayen, Flato, Fronsdal, Lichnerowicz and Stern- 
heimer realized in their seminal papers |^ that a first approach to a quantum 
system could be studying the formal deformations of the classical one, leaving 
aside problems of convergence and of construction of the Hilbert space. The 
existence and uniqueness of this deformation (up to gauge transformations), 
finally showed in [^] for any Poisson manifold, supports the belief that the 
formal deformation encloses the essential information of the quantum system. 

Much more recently, non commutative geometry has entered in physics in 
different contexts. One context is string theory and M-theory. In their pio- 
neering paper, Connes, Douglas and Schwarz |^ introduced non commutative 
spaces (tori) as possible compactification manifolds of space-time. Non com- 
mutative geometry arises as a possible scenario for short- distance behaviour 
of physical theories. Since non commutative geometry generalises standard 
geometry in using a non commutative algebra of "functions" , it is naturally 
related to the simpler context of deformation theory. 

Matrix theory [^, ^ on non commutative tori is related to 11 dimen- 
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sional supergravity toroidal compactifications with 3-form backgrounds. In 
this framework, T-duahty arises as Morita equivalence in non commutative 
geometry [0. This lead to subsequent developments of Yang-Mills theories 
on non commutative tori 0, as the study of their BPS states and a re- 
formulation of T and U dualities of Born-Infeld actions on non commutative 
tori . Non commutative geometry also appeared in the framework of open 
string theory |]12| . 

More recently, Seiberg and Witten |jl3| identified limits in which the entire 
string dynamics, in presence of a S-field, is described by a deformed gauge 
theory in terms of a Weyl-Moyal star product on space-time. In particular, 
they showed that the pure quadratic gauge theory with deformed abelian 
gauge symmetry is related through a change of variables to a non polynomial 
gauge theory with undeformed gauge group. This brings a connection be- 
tween the Born-Infeld action and gauge theories in non commutative spaces. 
In view of the fact that the supersymmetric Born-Infeld |]15| action naturally 
arises as the Goldstone action of = 2 supersymmetry, partially broken to 
= 1 [|T6|, it must be the case that this interpretation should have its coun- 
terpart in the framework of deformed gauge theory. This connection will be 
clarified in this paper. Subsequently, this deformation of space-time was used 
for ordinary four dimensional field theories with a 5-field of maximal rank in 
space-time. It was shown that the deformed theories enjoy unsuspected 
renormalization properties as well as UV/IR connection reminiscent of string 
theory [ITl . 



Other approaches connecting deformation theory to theories of gravity 
have also appeared in the literature. Among others, we can mention the 
deformation quantization of M-theory |T^, quantum anti de Sitter space- 
time pO), q-gravity and gauge theories of quantum groups []22 |. 

In this paper some issues related to theories formulated in deformations 
of superspace are investigated. Aspects of non commutative supergeometry 
[jT8|, [l^ and noncommutative supersymmetric field theories |^ ^ were 
recently considered in the literature. Section 2 is a self explanatory account of 
the Moyal-Weyl deformation generalised to superspace. In particular we show 
that the deformation of a Grassmann algebra obtained with a Weyl ordering 
rule is a Clifford algebra once we specify a value for the parameter (non formal 
deformation). In section 3 we consider the compatibility of this deformation 
with the supertranslation group. In section 4 we present the simplest example 
of a deformed supersymmetric field theory, the Wess-Zumino model and we 
give its explicit expression in terms of field components. In section 5 we 
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consider deformed gauge groups in superspace and derive a non commutative 
version of rank 1 Yang-Mills theory which is then coupled to chiral superfields. 
We show in particular, to first order in the deformation parameter, that 



the change of variables of Seiberg and Witten |T3| to convert the rank 1 
non commutative quadratic gauge theory to a commutative higher derivative 
theory is consistent with supertranslations. Rank 1 A^-extended super Yang- 
Mills theories are invariant under shifts of the N gauginos by constant, 
anticommuting parameters, so they can be regarded as Goldstone actions of 
2N supersymmetries spontaneously broken to N supersymmetries. Finally in 
section 6 we derive the a' ^ limit of supersymmetric Born-Infeld actions, 
which are the starting point for comparisons with super Yang-Mills theories 
in non commutative superspaces. 



2 Star product in superspace. 
2.1 Super Poisson bracket. 

A super vector space over R or C is a Z2-graded vector space V = Vo®Vi with 
grading p = 0,1. On V we can give a associative operation ■ : V ^ V 
respecting the grading, that is 

p(a ■ b) = p{a) + p{b). 

Then V is a super algebra. A super Lie algebra is a super vector space V 
with a bracket [ , ] : V <S)V V satisfying 

[x,y] = -(-i)™[y,x], (1) 



[X, [Y,Z]] + (-i)Pz{Px+PY}^z, [X,Y]] + (-i)PxiPY+Pz)^Y, [Z,X]]. (2) 

The super space of dimension (p,q) is the affine space together with 
a super algebra S^''^ = C°°(W) A(R'^) (the algebra of "functions" on su- 
perspace), where A(R'^) = Yli=o-^^(^'') exterior algebra of q symbols 
6^,6^, .. .6'^. We assign grade one to the symbols 6\ It is clear what are the 
even and odd subspaces. 

An element of this superalgebra can be written as 

a(x, 9) = ao{x) + ai{x)e' + ai^i^O'' + ■■■ + ai,i^,„i/^ Ae'^---A9'\ 
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where ai-^i^,,,i^ is antisymmetric in all its indices. It is a commutative super- 
algebra, that is, 

a-h = {-ly-^'P^h ■ a 

for homogeneous elements of degrees pa and pb- 

A left derivation of degree m = 0, 1 of a super algebra is a linear map 

QL .y g^pj^ ^Yl&t 

d^{a ■ h) = d^{a) ■ b + (-l)'^P"a ■ d^{b). 

Graded left derivations form a Z2 graded vector space. Any linear map L can 
be decomposed as the sum L = Lq + Li, where Lq and Li are maps of degree 
(they preserve the degree) and 1 (they change the degree) respectively. If 
the superalgebra is commutative, an even derivation has degree as a linear 
map and an odd derivation has degree 1 as a linear map. 
In the same way right derivations are defined, 

d^{a ■ h) = {-ly^'P^'d^ia) -b + a- d^{b). 

Notice that derivations of degree zero are both, right and left. 

A super Poisson structure on a commutative (this condition could be 
relaxed, in particular, to introduce matrix valued superfields) super algebra 
is a super Lie algebra structure { , } on it which is also a bi-derivation 
with respect to the commutative super algebra product. More specifically, it 
satisfies the following derivation property on homogeneous elements, 

{a, b-c} = {a,b} ■€ + {-ly^P'a ■ {b, c}, 

which together with the antisymmetry property (|I]) implies 

{b-c,a} = b- {c, a} + (-1)P"P^{6, a} ■ c. 

So, for example, if a is even, {a, ■ } is a derivation of degree zero, and if it is 
odd it is a left derivation of degree 1. 

Example. Consider the superalgebra iS^'^, with elements 
$(a;, 6) = %{x) + <^>o,{x)ea + ^ap{x)Oa A 6^. 
The derivations di defined as 

di^{x, 9) = ai$o(x) + di^a{x)ea + di^ap{x)ea A Op 
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are even derivations. The left derivations defined as 
are odd. We can also define right derivations, 

Notice that = on odd elements and 9^ = —d^ on even elements. This 
implies that [d^,d^]- = 

These definitions can easily be extended to algebras with bigger odd di- 
mension in an obvious manner. 

As an example, consider the following super Poisson bracket 

{$, ^} = P"^9a$9;,* + P°^9f $9^^ = P^^d^<l>d^<i/. (3) 

where P is a constant matrix and satisfies the symmetry properties 

pab _ pba poiP _ pi3a 

It is easy to see that it satisfies the Jacobi identity (0). 



2.2 Super star product. 

A generalisation of the Moyal-Weyl [|l| deformation of C°°(R") to 5^''^ exists. 
This algebra structure corresponds to the quantization of systems with both, 
bosonic and fermionic degrees of freedom, and it was studied by Berezin as 



early as in [^. There, the quantization was studied in terms of products 
of Weyl symbols of operators, very much in the same spirit than In a 



language closer to ours, it appeared in ||2^ and in [^, Pq] . 

We remind that a deformation of the commutative algebra C°°(W) is 
an associative product on the space of formal series on a parameter h with 
coefficients in C°°(R"), that is C°°{W)[[h]] = R[[h]] C°°(R"). The term 
of first order in h, antisymmetrized, is always a Poisson bracket. 

We denote by P{f®g) = {/, g} a super Poisson bracket like (Q), in a space 
of arbitrary odd dimension. A deformation of the commutative superalgebra 
S^''^ is then given by 

f®g ^ e^^'if^g) (4) 
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where we have denoted 



with 

P^if ^g) = P^i^ip^^^^ . . . P^-^"{dldl . . . dl)f ■ {d^sA ■ ■ ■ 9^9)- 

(We remind here that P^^ is a constant matrix). For g = this is the 
standard Moyal-Weyl deformation. Notice that the first order term is exactly 
the super Poisson bracket. The proof of the associativity of this product is 
parallel to the one developed in p for the bosonic case. 

2.3 Non formal deformation. 

We consider the associative algebra over R[[/i]], A^''^, generated by the sym- 
bols 9^,... 9'^ and the relations given by the super Poisson 
bracket @. 




[X\XY = hP''\ (5) 
[9",9'^]+ = /iP"^. (6) 

where /i is a formal parameter. Since X's and 9's commute, it is clear that 
jj>,q ^ f/P (g) A^, where Uf^ is the associative algebra over R[[/i]] generated 
by the symbols X's and relations and is the associative algebra over 
R[[/i]] generated by the symbols 9's and relations (^). A^''^ is isomorphic to 
(Pol(RP) ® A(R'^) [[/;,]], -k ), (polynomials are closed under the -k operation). 
To prove this, we take a basis in Pol(R^)[[/i]], 

■ ■ ■ -x*", ii <i2< ■ ■ ■ <in- (7) 

There is a R[[/i]]-module isomorphism Sym : PoI(R'P) [[/i]] ^ mapping the 
elements of the basis (0) in the following way 

^jmix'^x'^ ■ ■ ■ x'") = - V ^"^^'^ ■ ^"^''^ ■ ■ ■ ^"^'"^ = 

n ^-^ 

exp(X^9,)(a;'^x'^---x*")L.,=o, 
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which is the usual Weyl or symmetric ordering. The product in Pol(R^)[[/i]] 
defined by 



Sym ^(Sym(/) ■ Sjmig)) 



(8) 



is equal to -k in restricted to polynomials. The proof of this fact is given 
in (where indeed, the argument is extended to C°° functions). 
Consider the basis in A(R'5') 

e.^Aei^A-'-AOi^, ii<i2<--- <in. (9) 

(dim(A(R'?))=2«). We define the isomorphism Sym : A(R'?)[[/i]] t-^ as 

^yvciiOi, Aei,A---A9iJ = Q,,Q,, 

for the elements of the basis (P). This is the equivalent of the Weyl ordering 
for odd generators. One can see directly by inspection that the product de- 
fined on A(R'') [[h]] by this isomorphism is the same than -k in @ restricted to 
the exterior algebra. So we can conclude that the algebra generated by X, 
and relations @ and (|]) is isomorphic to the T*r-product algebra. Given any 
R[[/i]]-module isomorphism among Pol(R^)[[/i]] and U^, one can construct a 
star product as in (||). The resulting (isomorphic) star products are called 
equivalent. 

For polynomials, the formal parameter h can be specialized to any real 
value and one obtains a convergent star product. We want to look closer to 
this algebra over R. 

By a linear change of coordinates P t— > A^PA, we can always bring the 
matrices P'^'' and P"^ into a canonical form |E7 - 



that is 




pafS 



m 



\0 







VqJ 



(10) 



where ?7q, = ±1 for a = 1, . . . q' and rja = for a = q' + 1, . . . q. 

Denote q' = m + n, where 7]a = —1 for a = 1, . . .m and rja = +1 for 
a = m + l,...'m + n. It is obvious that A^, evaluated for a real value of h is 
isomorphic to the Clifford algebra C{m, n) tensor product with the exterior 
algebra on the remaining q — q' generators, which doesn't get deformed. (The 
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isomorphism is given by 7q, = v2/iBq). This relation with Chfford algebras 



was noticed in 23 



If m = n, we can make again a linear change of variables that brings P"^ 
to the form 

/O 1 ... 0\ 
1 ... 
1 ... 
1 ... 



al3 



\0 ... 0/ 

We have then n pairs of canonically conjugate fermionic variables. The Pois- 



son bracket for fermionic variables was first written in 28 



3 Formal deformations of rigid supersymme- 
try. 

We are interested in describing physical theories defined on a deformation of 
superspace. Superfields are used as basic objects of such theories. Mathemat- 
ically, they are a generalisation of the superalgebra S^''^. Consider the trivial 
bundle over with fibre the Grassmann or exterior algebra A(ei, . . . , e^). 
Consider the algebra of sections on that bundle, r'^(RP) and the tensor prod- 
uct •I'P''? = r"(RP) (g) A". 

(^^'^ is a commutative superalgebra with the product defined as usual 

(a® ^2) = (-ir^^'a^® ^1^2 a,6Gr"(RP), f^geA"", 

and the left and right r"(R^)-module structures are given by 

b{a (g) ^) = {ba (g) ^), (a (g) = (-l)P''P*(a6 (g) ^). 

The rank {n) of the trivial bundle can be chosen n = dimA'' = 2^. Then 
scalar superfields are an even subalgebra of generated by elements of 
the form. 

e) = %{x) + 9i0 + 9j A 9j ® + ■■■ 

where ^iii2...ik independent global sections in r'^(RP), antisymmetric in 
the indices ziZ2 ■ ■ - h- 
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One can extend (||) and (g) to ^p^" ® R[[/i]] by linearity. It follows that 
tIt) is a non commutative superalgebra. 

In what follows, we will restrict ourselves to four dimensional space-time, 
although all considerations could be easily extended to other dimensions. 
We consider the superspace associated with the four dimensional N-extended 
Poincare supersymmetry, with coordinates (or generators) {x^, 6'°*, 6f}, where 
{x^} are the coordinates of ordinary four dimensional Minkowski space A4, 
and {9°'\9°'} are Weyl spinors under the Lorentz group. We are interested 
in deformations of this superspace such that they have an action of the su- 
pertranslation group. The odd supertranslations with parameters e°, act 
on the generators of superspace as 

et ^ e': = et + et. (ii) 

By convention, we write a scalar superfield as 

r\ et) = $o(a;) + r*^^ + efE^i + e^^'e^^r^^ + ■■■ , 

where we have dropped the symbols "A" and "0". Let g{e) be a super trans- 
lation as in (p]T|). The action of g on superfields is given by {g~^^){x, 6, 9) = 
^{x',9',9'). We require that the super translation group acts as a group of 
automorphisms on the deformed algebra, that is 

It is convenient to introduce the right and left odd derivations called super 
covariant derivatives. 

They have the property that 

D''''^^,{g<l>)=g{D'''\i<l>). 
and the same for We define a Poisson bracket 

{$, ^} = P'"'d^,^d^'^ + P'^'^W^ai^D^pj^. (12) 
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The crucial properties are that [D^^i, D^pj]^ = and that D^-^P^^ = 
{A = fi,{ai}), so one can again construct a Weyl-Moyal star product as 
in which will also be covariant under the supertranslation group. One 
could also extend (p!2D by using N — k D^s and k D's k = 1, . . . N, which can 
be taken to anticommute. Notice that this Poisson structure is degenerate 
in the space of odd variables. 

A chiral field satisfies the constraint Z)^'^*<l> = 0. The solution of 
this equation can be written (after a change of variables) as ^{x,6). Chiral 
superfields are a subalgebra under ordinary multiplication, but they are not 
closed under the star product defined with (|1^) unless P"*^-? = 0. 

When considering extended supersymmetry this notion of chirality can 
be generalised. The R-symmetry group U(iV) acts by automorphisms on the 
super Poincare algebra, leaving invariant the even generators. For > 1, 
one can take the direct product of the Minkowski space with the fiag manifold 
SU(A^)/U(1)^"^, and consider a supermanifold structure of odd dimension 
4N on it. This is constructed by taking the quotient (£® SU(A^)) ®s5T/£® 
U(l)^~^, where C is the Lorentz group and ST is the supertranslation group. 
It it is called harmonic superspace ||29|. The algebra of global sections (or 



functions) on the resulting supermanifold is isomorphic to 

C°°{M X SU(iV)/f/(l)^-i) ® A^^. (13) 

This isomorphism is not canonical, since it is not preserved by supersymmetry 
transformations, but it is preserved by the action of the R-symmetry group. 

Let us denote the coordinates in an open set as {x'^, u, 9°'\ 9f} where u is 
a unitary matrix or coset representative of SU(A^)/U(1)^~^. With the coset 
representatives one can define rotated covariant derivatives 



The advantage of such formulation is that the notion of chiral superfield can 
be generalised by imposing the following R-symmetry covariant constraints 
on the superfields ^{x, u, 9, 9), 

= ■ ■ ■ = = = V^+^^ = . . . = 

(no superscript will mean that we are considering a left derivative). The so- 
lution of these constraints can be expressed as superfields that do not depend 
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on k 6^s and N — k 6^s {k = 0, N being the usual chiral and antichiral super- 
fields). These fields have been called "Grassmann analytic" in the literature 
pO| and, as chiral superfields, they form a subalgebra. 

One can consider deformations of this supermanifold for a given super 
Poisson structure. In particular one can consider a deformation affecting 
only the first factor in (pIS]). Any deformation of this form will have the 
supersymmetry algebra as an algebra of derivations. As the simplest case, 
let us take a non trivial Poisson bracket only in the directions of Ai, 

that is, the Poisson bracket of two (complex) superfields is 

{<l'i,<l>2} -iP^ d^'d^ 

where P'^'^ is an arbitrary constant antisymmetric matrix and ^i{x,u,6) ar- 
bitrary superfields. Then, the Weyl-Moyal star product on the algebra of 
superfields is given by 

$^ = exp(iP)($i (g) $2). (14) 

It is clear from this expression that Grassmann analytic superfields are 
closed under the star product (0), as chiral superfields are. 

4 Non commutative Wess-Zumino model. 

The simplest example of an N=l supersymmetric field theory is the Wess- 
Zumino model, whose action is 



(fx(fd'd + ] d^{] d'9 (y$' + 1$') + c. c), 

where he chiral superfield $ has the expansion 

^ = A{y) + V2e4j{y) + eeF{y), 

where y = x + i6a6. A formal deformation of this action can be written using 
the star product defined above ([l^). 



J d^xd^ed^e <i><l + Jd^x{J d^e (^^^ + + c. c). (15) 
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where = (n) This model was also considered in 3D . 

This Lagrangian is unique (for every star product) as a consequence of the 
fact that 

Jd^xA^B = Jd^xAB = Jd'^xB^A (16) 



and 



d'^X Aiic ■ ■ ■ An = d'^X A^(^i) ■ ■ ■ Af^(n) (17) 



where cr is a cyclic permutation of (l,...,n). Notice also that the above 
action is real, since 

li^ = Bi.A. 

As a consequence of (|I^) and (0), the auxiliary field F satisfies pure 
algebraic equations 

F = -mA - gA-k A 
so the component form of the Lagrangian is 

id^^a^'ip + Ad^d^A - ]^m{ipip + ^^l)) - rr^AA - g{A{;il) + 
A{^ i< - mg{A{Ai< A) + A{Ai< A)) - g'^{Ai< A){Ai< A). (18) 

The non deformed Wess-Zumino model is a renormalizable field theory 
which only requires a (logarithmically divergent) wave function renormaliza- 
tion [p^, |33[. This is due to supersymmetric non renormalization theorems 



of chiral terms 133 



The deformed Wess-Zumino model is the supersymmetric extension of the 
b'^ theory considered in |14| where the model was proven to be "renormaliz- 



able" in some extended sense. Consequently, we expect that its supersym- 
metric extension is also "renormalizable". Moreover, since the interactions 
are purely chiral, no quadratic divergences appear and then the UV/IR con- 



nection induced by extra poles in the propagator ||Tj] does not appear in this 



model PB[. Additional aspects of the UV/IR connection in non commutative 



supersymmetric models are discussed in 

The non deformed Lagrangian has a quartic interaction that is invari- 
ant under a local U(l) symmetry. This invariance is inherited from the 
superconformal symmetry present in the model when m = 0. The deformed 
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Lagrangian only preserves the global U(l) invariance. It is interesting to 
observe that there is another possible quartic term 



{A^A)\ (19) 



which is invariant under a non commutative local U(l)-symmetry Su- 
persymmetry picks the first choice without any contradiction because the 
R-symmetry is not deformed. 

Incidentally, it was also shown that the pure bosonic theory of a complex 
scalar field A with the quartic interaction as given in Lagrangian (|18|) is 
not renormalizable unlike the theory with the quadratic invariant (p^Q]). This 
is not a contradiction because in the Wess-Zumino model the additional 
interactions due to supersymmetry are responsible for the cancellation of 
dangerous divergences (in particular quadratic divergences). 

As a side remark, we note that while the interaction A-kA-kA-kAis typical 
of an F-term, the other possibility A-k Ak Ak A is typical of a D-term, so we 
expect the latter to occur in the deformed version of supersymmetric Q.E.D. 
Even more, both quartic terms occur and in fact are related one to another 
when A^-extended supersymmetry is present. This will be the case in the 
deformed version of = 2,4 super Yang-Mills theories, which in addition 
require a deformation of the gauge symmetry. 



5 Non commutative rank 1 gauge theory in 
superspace. 

In this section we introduce a deformation of an abelian gauge theory in 
superspace 0. The gauge group is a group of formal series in a param- 
eter with coefficients which are chiral superfields (?7, with DaU = 0). The 
multiplication law is given by the star product in ( |1^) 

f/l*f/2 = f/3, 

which preserves chirality. We will denote by U*~^ the inverse with respect 
to the star product, 

Ui<W~^ = W-^irU = 1. 
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Notice that for 6 = 6 = 0, the gauge parameter is a complex function, so the 
gauge group is the complexification of U(l). We can write an element U as 



CO _ 



n=0 



and then 



We introduce a connection superfield V which transforms under the 
gauge group as 

The non commutative field strength 

= D\e*-^ ^D^e*^), D^W^ = 0, 



transforms as 
The action 



Sncym = j d^^ij Wa*W'' + c.c.) (20) 

defines the non commutative rank 1 gauge theory. It is gauge invariant as 
a consequence of (pIBI). If we set the gaugino A and the auxiliary field D to 
zero, this action reduces to the bosonic non commutative action considered 



m 



T3|l . Note also that the equation of motion of the auxiliary field is D = 0. 
The infinitesimal gauge transformation of the connection superfield is an 
infinite power series with terms of the type V*"'. To first order in V it is 

6V = i{A - A) - ^^[(A + A) * V - V * (A + A)]. 

This is actually the transformation in the Wess-Zumino gauge {V*^ = 0) 
PB| , |57| . In this gauge the field strength becomes 
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Since the Wess-Zumino gauge depends on the deformation parameter P, the 
modified supersymmetry transformations which preserve this gauge will also 
depend on P. Indeed, the gaugino transformation contains the two-form 
field strength F = dA + iA-k A. Also, the supersymmetry transformation of 
the auxiliary field D contains the covariant derivative of the gaugino VA = 
d\ + i{Ai<\- \ i< A). 

It is worth noticing that the action in (pOD is invariant under a non linearly 
realised supersymmetry transformation 

5Wa = Va 

where rja is a constant, anticommuting spinor. This leads to the interpreta- 
tion of a non commutative Yang-Mills theory as a Goldstone action of partial 
breaking of supersymmetry. 

We may now couple this action to matter chiral multiplets Si. This can be 
done in two different ways, depending whether we introduce adjoint matter 
S I— >■ U*~^ k S U (which is neutral in the commutative limit), or charged 
matter S ^ S -k U. In the first case the non commutative gauge invariant 
coupling is 

J d^x j d'^ed'^e S k e*-^ i<Sk e*^. (21) 



Note that we can add to the action any chiral interaction such as (|15[), which 
will be automatically gauge invariant. 

If we now consider a single chiral multiplet and a vector multiplet, then 
the sum of the two actions (pO]) and (^1]) is known to have in the commutative 



limit N = 2 supersymmetry. Therefore, following the discussion in section 
3, the deformed theory is the first example of deformed theory with N = 2 
supersymmetry. This theory could in fact be reformulated using harmonic 



superspace which is the natural set up for N = 2 Yang-mills theories p9[| . 

If we introduce three chiral adjoint multiplets 5*^, i = 1, ... 3 with an 
additional self coupling 



j d^e t'^^Si * i^Sk + c. c. 



(which vanishes in the commutative limit) we obtain a deformation of = 4, 
rank 1 supersymmetric Yang-Mills theory, which could also be reformulated 



in harmonic superspace |41, 42]. The Yang-Mills field is then a Grassmann 
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analytic function ^ and it is important that the star product (|T^ 
preserves Grassmann analyticity. 

iV-extended non commutative rank 1 gauge theories are invariant under 
N non hnearly reahzed supersymmetries, corresponding to constant shifts 
of the gauginos by anticommuting parameters. This is due to the fact that 
the cubic interactions involving gauginos, under such transformation, vary 
into a Moyal bracket (antisymmetrized star product), which is a total space- 
time derivative. This brings more evidence to the fact that such theories 
are closely connected to world volume brane theories which, as a microscopic 
description of 1/2 BPS states, have 2N supersymmetries, with half of them 



non linearly realized in the spontaneously broken phase |16, 45 



For a charged matter field, the gauge invariant non commutative action 

IS 



It was shown in |T3| that the phase space of a non commutative Yang-Mills 



theory can be mapped to the phase space of an ordinary Yang-Mills theory 
by a "change of variables" realised in the following way: the gauge potential 
of the ordinary gauge group A is mapped into the gauge potential A{A) of the 
non commutative (deformed) gauge group , while the gauge group parameter 
A is mapped into the noncommutative gauge group parameter A (A, A) in such 
a way that the respective gauge transformations satisfy 

A{A) + 5xA{A)=A{A + 6xA). 

For rank one and to first order in P, the solution to this differential equation 



is [|T3| 



A^{A) = A^- ^P^'^Apid^A^ + F,^) 



\{\A) = \ + ^P^''d^\A,. (22) 

These transformations can be supersymmetrized as follows. The non 
commutative gauge connection and gauge parameter superfields will be now 
denoted by V and A, while we will reserve the notation V and A for their 
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ordinary counterparts. The transformations then read, 

V{V) = V + aP^^'d^VVuV + {bP'^^DoyWa + c. c.) + 
(^cP^PVD^Wp + c. c), 

A(A, V)=k + dD^P^'^DaADpY), (23) 

where 

P"/^ = (a^^)"^P'^^, (symmetric in (a, /?)), 

= D^D^V, 
V. = (a,)""[D,,D^]. 

a, b, c, d are numerical coefficients, which are uniquely fixed in order to repro- 
duce (^2]). We also want to note that A = A for -DqA = 0, which is required 
by consistency. Analogously, = for constant V. 

The above results can be easily generalised to non commutative super 
Yang-Mills theories of arbitrary rank. 

6 The a' limit of supersymmetric Born- 
Infeld action and deformed U(l) gauge the- 
ory. 

In this section we will present the supersymmetric version of the a' ^ limit 
of the Born-Infeld action when a -B-field is turned on. This action is supposed 
to describe the deformed version of supersymmetric U(l) gauge theory (in 
the limit a' = 0{e^) i— and slowly varying fields) |T^, where the constant 
field B^"^ is related to the Poisson bivector by B^"^ = p-^^^ as in ([l^) . 

Let us first remind the expression obtained in the bosonic case. The 
Lagrangian is given by 

Cbi = 7det(eUF) = ^e^ + + _L(pp)2. (34) 
To order e, the Lagrangian is readily seen to be 

4' \FF\ 
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To obtain the supersymmetric Born-Infeld action, we will use the following 
identity |[T5[| , 



where 

X = e + \F\ Y = ^^{{F^f-{FFf). 

Denoting by 

F± = i(F±F) 

the self dual and anti self dual combinations of F in an Euclidean metric, we 
also have 

Fl = ± FF), FlF^_ = \{{F^f - {FFf). 

We consider a chiral spinor superfield iD^Wa = 0), and the chiral scalar 
superfield T 

T = DDW^ = --F^ + ■ ■ ■ 

2 ' 

We promote X and Y to superfields 

X = e-^{T + T), Y = TT. 
The supersymmetric Born-Infeld action is 

CsBi = -- I (few^- - I dPew^- I d'ed'e , — .(25) 
2 J 2 J J vx^-Y + x^ ' 

One has that 



= - e(T + f ) + -(T - ff. 

The order in e in the above expression is the square root of a square, so it 
should be understood as 



l(T~TY = ±\{T-T) (26) 
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depending if 

l{T-f)\e=o = \FF 
is grater or less than zero. So the e = term of Csbi is 

t\{ J d^ew^ - j (few^) = -^\FF\ + ■ • • 

For the order e term one gets (in the case with + sign in 



2e / d'ed'e 



(for the other case in (p6D we exchange by and D hj D). 
Finally we get for the 0(e) in Csbi 

±e I d^ed^ew^w\-^+ ^ ^ ^ 



Note that the last term in ( pTl) corresponds to a shift by e in the original 
Born-Infeld action (Ell), 



C = •\/det(e2 +F) -e. 

When the B field is turned on (F i— > F + i? in the bosonic action), the 
superfield strength Wa = DDDaV {V is the gauge superfield) is shifted into 
Wa — La where La is the spinor chiral superfield containing the B field 
in its 6'-component, 

where we used the fact that the combination Wa — La is invariant under the 
superspace gauge transformation 

V ^ V + U 

La ^ La + D^DaU. 

where U is an arbitrary real scalar superfield. If we want now to compute 
the supersymmetric Born-Infeld action in the e t— > limit with a constant B 
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field, it is then sufficient to set = Xa = 0, replace Wa by Wa — Opa'^^B^y 
and then use (pT]). 

The 0{e) supersymmetric version of the Born-Infeld bosonic Lagrangian, 



\FF\ 



has a straightforward generalisation to the case of extended super symmetry 
as a full superspace integral Q For N = 2 theories we have 



/■ 4 4- W^W'^ 1 1 

CsBiiN = 2) = J dede -^^^^^__(-^^ + -_^) 

where W is the N = 2 chiral superfield strength. This is in fact the a' i— > 
limit of the N = 2 supersymmetric Born-Infeld action [HI, HH]. 



For = 4 we may write an on-shell superspace action [47 



1^4(0,4,0)1^4(0,4,0)1 . 

Ismglet 



1 1 



CsBiiN = 4) = / dVe -2 --^^^(--— + 



Fl-Fl 'FlFl FtFl" 

where the iV = 4 superfield strength W^^ = —W^"^ satisfies the following 
constraints, 

2 

D^W^^ + D{W'^ = 0, 

and 

p2 _ r-)4 TT/2(0,2,0)| p2 _ rS4 tt/2(0,2,0) I 

^+ ~ ^o,2,Q^^ I singlet' ^- ~ -^0,2,0*^''^ I singlet- 

The indices (a, 6, c) refer to the SU(4) Dynkin labels, and "singlet" means a 
projection on SU(4) invariant combinations. 

It is a challenging problem to show that the above actions should repro- 
duce a deformation of the supersymmetric U(l) gauge theory. 



^We observe that such generahzations are not unique unless we impose additional 
requirements on the Born-Infeld action such as electromagnetic duality invariance for its 
equations of motion Bfl]. 
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